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Topological waveguide based on metamaterials of magnetic solitons
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We theoretically investigate coupled gyration modes of magnetic solitons whose distances to
the nearest neighbors are staggered. In a one-dimensional bipartite lattice, analogous to the Su-
Schrieffer-Heeger model, there is a mid-gap gyration mode bounded at the domain wall connecting
topologically distinct two phases. As a technological application, we show that a one-dimensional
domain-wall string in a two-dimensional soliton lattice can serve as a topological waveguide of mag-
netic excitations, which offers functionalities of a signal localization and a selective propagation of
the frequency modes. Our result offers an alternative way to control of the magnetic excitation
modes by using a magnetic metamaterial for future spintronic devices.
Topological properties embedded in band structures
are one of the central themes in modern condensed
matter physics. In two-dimensional (2D) electron sys-
tems, representative examples supporting topologically
protected edge states [1] are Haldane model [2] and Kane-
Mele model [3], which exhibit the quantum Hall and
quantum spin Hall phases, respectively. A classical ex-
ample in one-dimensional (1D) topological systems is
Su-Schrieffer-Heeger (SSH) model supporting a mid-gap
bound state with fermion number one-half [4, 5]. Inspired
by the topological effects in electronic systems, numer-
ous studies have been devoted to investigating topologi-
cal properties in bosonic systems such as magnons [6–8],
phonons [9, 10], and their hybridized states [11–14].
Such topological effects of band structures can also be
realized in artificially structured composites, called meta-
materials, whose functionalities arise as the collective dy-
namics of local resonators [15]. Analogues of topologi-
cally protected edge states in 2D systems have been pro-
posed and experimentally observed in acoustic [15, 16],
optical [17–21], magnetic [22–24], mechanical [25, 26],
and electric circuit [27–29] systems. Moreover, the 1D
SSH model has been realized in optical waveguides [30],
electric circuits [31, 32], and magnetic spheres [33]. An
intriguing feature of the metamaterials is that the band
structures and their topological properties can be ma-
nipulated by changing the crystal parameters. This
tunability of metamaterials is of crucial importance for
widespread applications of topological properties in, for
instance, reconfigurable logic devices [15, 19].
Magnetic solitons such as magnetic vorticies and
skyrmions are resonators whose dynamics exhibit gyro-
scopic motion [34–36]. Theoretical [37–39] and experi-
mental [40–42] results on the dynamics of coupled gyra-
tion modes of the magnetic solitons provide potential ap-
plication for a new type of information device [39]. More-
over, internal degree of freedoms of magnetic solitons
such as polarity and chirality can offer efficient control
of the functionalities of soliton-based metamaterials [43].
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One of us has shown that the collective excitation of the
magnetic solitons supports a chiral edge mode in hon-
eycomb lattice [23], which has been later confirmed by
micromagnetic simulation [24]. However, the SSH state
in 1D system has not been realized for collective gyration
modes of magnetic solitons.
In this paper, we first study a metamaterial com-
posed of the magnetic soliton disks structured in a one-
dimensional bipartite chain. We show the existence of a
mid-gap state bounded at a domain wall connecting topo-
logically distinct two configurations, which is analogous
to the electronic SSH model. Then we consider a two-
dimensional extension of our 1D magnetic SSH model,
which is shown to be able to support a topological waveg-
uide with selective propagation of frequency modes.
Here we consider a quasi-one-dimensional array of nan-
odisks containing magnetic vortices or skyrmions. In
general, the steady-state motion of topological solitons
can be described by the dynamics of the center-of-mass
R(t) and m = m(r − R(t)), where m is an unit vector
along the direction of local magnetization. The dissi-
pationless magnetization dynamics of the coupled vor-
tices/skyrmions is described by Thiele’s equation [44]:
Gzˆ×
dUj
dt2
+ Fj = 0, (1)
where Uj = Rj −R
0
j is the displacement of the soliton
from the equilibrium position R0j , G = −4piMstDQ/γ is
the gyrotropic coefficient, Ms is the saturation magneti-
zation, tD is the thickness of the disk, and γ is the gy-
romagnetic ratio. Here, Q = 1
4pi
∫
dxdym · (∂xm× ∂ym)
is the topological charge which characterizes the topo-
logical solitons. The topological charge of the magnetic
vortices and skyrmions are Q = ±1/2 and ±1, respec-
tively. Fj = −∂W/∂Uj is the conservative force from
the potential energy
W =
∑
j
K
2
U
2
j +
∑
j 6=k
Ujk
2
, (2)
where K > 0 is the spring constant and Uj ≡ (uj , vj)
is the displacement vector. Here, Ujk is the interaction
2FIG. 1: A schmematic illustration a staggered 1D chain of
magnetic nanodisks (a) and its dispersion (c) without do-
main wall defect. A single (double) bond represents the
longer (shorter) inter-disk distance. A schmematic illustra-
tion a staggered 1D chain of magnetic nanodisks (b) and its
dispersion (d) with a pair of domain wall and anti-domain
wall defects. For each defect, a mid-gap bound state appears
at ω = ωK (red line). For calculation, we take the mate-
rial parameters in Ref. [24]: G = 1.09 × 10−14 Js/m2, K =
3.74×10−4 J/m2, Ix = −1.97×10
−6 J/m2, Iy = −1.19×10
−5
J/m2, and ∆ = 0.2.
energy between two solitons:
Ujk(djk) = Ix(djk)ujuk − Iy(djk)vjvk, (3)
where djk(= |R
0
j −R
0
k|) is the distance between centers
of two neighboring disks, and Ix(djk) and Iy(djk) are in-
teraction parameters between two disks. This system of
coupled magnetic solitons has been studied both theoret-
ically and experimentally [37, 38, 41, 42]. In particular,
the values of the parameters in Eqs. (2, 3) have been
experimentally measured and theoretically calculated for
certain sizes of soliton disks, which will be used below for
numerical calculations.
Let us first consider the situation where the nearest-
neighbor disk pairs are separated by a uniform distance.
Using the complex variable ψj ≡ uj+ivj, we write Eq. (1)
in a simplified form [23, 24]:
iψ˙j = ωKψj +
∑
k∈〈j〉
(ζψk + ξψ
∗
k) , (4)
where ωK = K/G is the gyration frequency of an isolated
soliton, ζ = (Ix − Iy)/G and ξ = (Ix + Iy)/G are the
reparameterized interactions. In order to eliminate ψ∗k,
we expand the complex variable as
ψj = χjexp(−iω0t) + ηjexp(iω0t), (5)
where χj(ηj) is a counterclockwise (clockwise) gyration
amplitude. Substituting Eq. (5) into Eq. (4) and apply-
ing |χj| ≫ |ηj | (|χj | ≪ |ηj |) for counterclockwise (clock-
wise) soliton gyrations, we have
iψ˙j =
(
ωK −
ξ2
ωK
)
ψj + ζ
∑
k∈〈j〉
ψk −
ξ2
2ωK
∑
l∈〈〈j〉〉
ψl, (6)
where 〈〈j〉〉 represents second-neighbor sites of j. The
right-hand side of Eq. (6) contains zeroth order (ωK),
first order (ζ), and second order (ξ) terms of the inter-
disk interactions. Henceforth, we neglect the second or-
der terms which are smaller than others. For 1D chain
systems, we have
iψ˙j = ωKψj + ζ(ψj+1 + ψj−1). (7)
Taking the Fourier transformation, we obtain an eigen-
value equation, iΨ˙(k, t) = HkΨ(k, t) with a momentum
space Hamiltonian
Hk = ωK + 2ζ cos k , (8)
describing the single band of excitations.
Now, let us consider a staggered 1D chain of magnetic
nanodisks [Fig. 1(a)] with periodic boundary condition
which mimics the SSH system [4]. By introducing sub-
lattice indices A and B, we have
iψ˙A2m = ωKψ
A
2m + ζ0(1 + ∆)ψ
B
2m+1
+ ζ0(1−∆)ψ
B
2m−1, (9)
iψ˙B2m+1 = ωKψ
B
2m+1 + ζ0(1−∆)ψ
A
2m+2
+ ζ0(1 + ∆)ψ
A
2m. (10)
Here, ∆, which can be either positive or negative, repre-
sents the staggeredness of the SSH system. Taking the
Fourier transformation yields
Hk =
(
ωK 2ζ0(cos kx − i∆sinkx)
2ζ0(cos kx + i∆sin kx) ωK
)
= n(kx) · σ, (11)
where the basis of the Hamiltonian is Ψ(kx) =
(ψA(kx), ψ
B(kx))
T and σ = (σx, σy) are Pauli matrices.
The dispersion relations of two modes are given by
ω± = ωK ± 2ζ0
√
cos2 kx +∆2 sin
2 kx . (12)
The staggeredness ∆ induces a finite gap. The topo-
logical number of the Hamiltonian (11) can be com-
puted in terms of a two-component unit vector nˆ(kx) =
n(kx)/|n(kx)| ≡ (cos θk, sin θk), as the integral: [45–47]
N =
1
2pi
∫
BZ
dkx
(
dθk
dkx
)
= sgn(∆). (13)
Eq. (13) implies that there are two topologically distinct
phases which are represented by the sign of ∆.
Expanding Eq. (11) around kx = pi/2, which minimizes
the band gap, we obtain a massive Dirac Hamiltonian
Hk =
(
ωK −2ζ0(kx + i∆)
−2ζ0(kx − i∆) ωK
)
. (14)
3FIG. 2: Band structures (left) and localization of the bound
state (right) for ∆0 = 0.2 (dotted), ∆0 = 0.4 (dashed), and
∆0 = 0.8 (solid).
Diagonalizing Eq. (14), we obtain the eigenfrequencies
with a band gap ∆,
ω± = ωK ± 2ζ0
√
kx
2 +∆2. (15)
Figure 1(c) shows the dispersion relation of Eq. (15).
Because a topological bound state exists at the inter-
face between the two topologically distinct phases, we
consider the situation where the staggeredness ∆ reverses
its sign at x = 0: ∆(x) = ∆0sgn(x). In this case, a
mid-gap bound state appears at ω = ωK , without chang-
ing the bulk dispersions of upper and lower bands [see
Fig. 1(d)]. From Eq. (14), we read that the mid-gap
bound state satisfies(
0 i∂x − i∆(x)
i∂x + i∆(x) 0
)
Ψbound = 0, (16)
which results in
Ψbound(x) ∼
(
0
e−∆0|x|
)
(∆0 > 0),
Ψbound(x) ∼
(
e∆0|x|
0
)
(∆0 < 0). (17)
Eq. (17) shows that the bound state is exponentially lo-
calized at the domain wall. This is a magnetic analogue
of SSH system which possesses a soliton with half-electric
charge [4]. Creation of the bound state is compensated
by one-half of a state missing from the two bulk bands
corresponding to ω = ω±. In Fig. 2, we show the band
structures and localization of the bound state for differ-
ent values of ∆0.
Now let us consider a 2D extension of our 1D mag-
netic SSH model, which will be shown to support a
topologically protected waveguide of excitations below.
The schematic illustration of the 2D lattice is shown
in Fig. 3(a). In the 2D lattice, the point-like defect in
the 1D model is extended in y-direction and forms a do-
main wall string. Given that the inter-chain interactions
ζ inter ≡ (I intery −I
inter
x )/G are uniform, we have additional
terms ζ inter(ψA,By+1 + ψ
A,B
y−1) to the 1D model equations
[Eqs. (9, 10)]. These terms yield an additional disper-
sion along ky direction, i.e., ω(ky) = 2ζ
inter cos ky. The
resultant 2D band dispersion is given by
ω2D(kx, ky) = ω1D(kx) + 2ζ
inter cos ky, (18)
FIG. 3: (a) A schmematic illustration a two-dimensional ex-
tension of the 1D magnetic SSH model. (b) Bulk and bound
state dispersions of the 2D model. (c) Magnetic wave prop-
agation in the topological waveguide supporting signal local-
ization. (d) Magnetic wave propagation in the topological
waveguide supporting selective propagation of frequency.
where ω1D is the band dispersion in the 1D lattice in
Eq. (12).
In this 2D soliton lattice model, the topological mid-
gap bound states are localized at the defect position and
spatially connected in y direction. Therefore, magnetic
excitations on the bound state propagate well along the
defect string with a small spread in transverse (x) direc-
tion. This propagation realizes a topological waveguide
by using magnetic solitons with signal localization and se-
lective propagation of frequency modes. Fig. 3(c) and (d)
show the schematic illustration of two functionalities of
the magnetic soliton waveguide. In Fig. 3(c), the incom-
ing wave packet is a plane wave (i.e., uniform along x di-
rection) and has a frequency corresponding to the bound
state. Because this frequency mode can only propagate
through the defect string, the outgoing wave packet is lo-
calized on the defect site. In Fig. 3(d), the incoming wave
packet on the defect site is a white signal having equal
intensities for all frequencies. However, most frequency
modes on the defect site cannot propagate in y-direction,
except for the bound state. As a result, the outgoing
wave packet on the defect site has a sharp peak at a fre-
quency corresponding to the bound state. From Eq. (18),
we read that the frequency of bound state is determined
by the gyrotropic frequency of a single magnetic soliton,
which is tunable by external perturbations. For example,
in the presence of an effective magnetic field Heff perpen-
dicular to the disk plane, the gyrotropic frequency can be
described as [48, 49]:
ω ≃ ωK(1 + kHeff), (19)
where k is a proportionality constant. This suggests
4that the waveguide property can be manipulated by
the external magnetic field or voltage-induced magnetic
anisotropy change [50].
To summarize, we have studied collective dynamics in
a one-dimensional bipartite chain of the magnetic vor-
tices or skyrmions. In our magnetic system, the domain-
wall topological defects are produced by changing the
interdisk distances. We have found that the topological
defects induce the localized mid-gap states which are con-
fined at the defect position. Our finding on the 1D model
is analogous to that of the SSH model in the electron sys-
tem. Compared to electronic SSH model which is hard
to manipulate the domain walls, which are generated by
the Peierl’s instability, the topological manipulation is
feasible in our magnetic SSH model. As a technological
application, we propose a two-dimensional extension of
our 1D model, which supports a topological waveguide
of magnetic excitations. The topological waveguide pro-
vides not only a signal localization but also a selective
propagation of the frequency modes. Our work suggests
that spintronics device based on magnetic metamaterials
can offer a way for a precise control of the spin waves.
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